Abstract: In this paper we prove a Schwarz-Pick lemma for the modulus of holomorphic mappings between the unit balls in complex spaces. This extends the classical Schwarz-Pick lemma and the related result proved by Pavlović.
Introduction
Let X be an open subset in the complex space C n of dimension n and Y be an open subset in the complex space C m of dimension m. Let B n be the unit ball in C n . The unit disk in the complex plane is denoted by D. For z = (z 1 , · · · , z n ) and z ′ = (z ′ 1 , · · · , z ′ n ) ∈ C n , denote z, z ′ = z 1 z ′ 1 + · · · + z n z ′ n and |z| = z, z 1/2 . Let Ω X,Y be the class of all holomorphic mappings f from X into Y . . Some calculation for |∇|f || will be given in Section 2.
For f ∈ Ω D,D , the classical Schwarz-Pick lemma says that
This inequality does not hold for f ∈ Ω D,Bm with m ≥ 2. For instance, the mapping f (z) = (z, 1)/ √ 2 satisfies
Note that for f ∈ Ω D,Bm with m ≥ 2, [1] and [3] proved the following inequality
However Pavlović [3] found that (1.2) can also be written as 
So it is natrual for us to consider that if the form (1.3) of Schwarz-Pick lemma can also be extended to Ω Bn,Bm . In this paper, we generalize the form (1.3) of Schwarz-Pick lemma to Ω Bn,Bm and obtain the following theorem:
In addition, it is well known that if equality holds in (1.2) at some point p ∈ D then
for some a ∈ D, some θ ∈ R and all z ∈ D. In this paper, we also discuss the equality case in (1.5) and obtain the following theorems, which show that (1.5) is sharp.
for some β ∈ C m with |β| = 1 and all z ∈ D;
for some q ∈ B n with q = p and that q − p and p are collinear, some β ∈ C m with |β| = 1 and all z ∈ D cp,q,rp,q ;
for some q ∈ B n with q = p and that q − p and p are collinear, some a ∈ B m with a = 0, some θ ∈ R and all z ∈ D cp,q,rp,q ;
where
, D cp,q,rp,q = {z ∈ C : |z − c p,q | < r p,q } and
Note that Theorem 3 is coincident with Theorem 2 when n = 1. In Section 2, some calculation for |∇|f || will be given. In Section 3, we will give the proof of Theorem 1. In Section 4, we will give the proofs of Theorem 2 and Theorem 3.
Some calculation for |∇|f ||
For f ∈ Ω X,Y , let g = |f |. By (1.1), we know that
If g(z) = 0, then g is R-differentiable at z and ∇g is the ordinary gradient. Let z = (z 1 , · · · , z n ) and z j = x j + iy j for j = 1, · · · , n, where x j ∈ R and y j ∈ R. Then
and
Note that for j = 1, · · · , n,
where f = (f 1 , · · · , f m ) and
. Then by (2.2) and (2.3), we have that for
If g(z) = 0, then f (z) = 0 and by (2.1) we have
(2.5)
For f ∈ Ω X,Y and any z ∈ X, there is a bounded linear operator Df (z) of C n into C m such that
where Df (z) · β denotes the evaluation of Df (z) on β ∈ C n . Df (z) is called the Fréchet derivative of f at z, and Df (z) · β is called the Fréchet derivative of f at z in the direction β. In fact, for f ∈ Ω X,Y , z ∈ X and β ∈ C n , the following equality holds:
where β = (β 1 , · · · , β n ), f = (f 1 , · · · , f m ) and
Then by (2.6), we have for any β ∈ C n and |β| = 1,
So for any β ∈ C n and |β| = 1,
Then by (2.5) and (2.8), we obtain for g(z) = 0,
Now by (2.4) and (2.9), for f ∈ Ω X,Y , we have 
In particular, for f ∈ Ω X,Y with X ⊂ C and Y ⊂ C,
Proof of Theorem 1
First we give two lemmas.
where D cp,q,rp,q = {z ∈ C : |z − c p,q | < r p,q },
Lemma 2. Let g : D c,r −→ B m be a holomorphic mapping, where D c,r = {z ∈ C : |z − c| < r}. Then
2) Then h : D → B m is a holomorphic mapping. From (1.4), we know that
By the above inequality and (2.11), we have
Let ξ = rz + c. Then by (3.2) and (3.3), we have h(z) = g(ξ), h ′ (z) = rg ′ (ξ), and
Note that by (2.11),
Therefore by (3.4) and (3.5), we obtain that
The lemma is proved.
Now we give the proof of Theorem 1. Proof of Theorem 1. For given p, q ∈ B n with q = p, let
where D cp,q,rp,q is defined in Lemma 1. Then g : D cp,q,rp,q → B m is a holomorphic mapping and
By (2.11), we have
By Lemma 2, we have
since (3.1). Then from (3.8) and (3.9), we have
By (3.7), (3.10) and (3.6), we have
So for any β ∈ C n with |β| = 1, we obtain that
For (3.11), by (2.7) we have
Then from (3.11) and (3.12), we obtain that for any β ∈ C n with |β| = 1,
14)
since if |A| = 0, then letβ = A |A| in (3.13) and consequently (3.14) holds; if |A| = 0, then it is obvious that (3.14) holds. Then by (3.14) and (3.11), we have
Note that by (2.10),
Therefore from (3.15) and (3.16), we have that
The theorem is proved.
Proofs of Theorem 2 and Theorem 3
First we give the proof of Theorem 2. Proof of Theorem 2. First we prove the case that p = 0.
If for some β ∈ C m with |β| = 1 and all z ∈ D. Then (1) is proved for the case that p = 0. If |∇|f |(0)| = 1 − |f (0)| 2 with f (0) = 0, then by the proof of (1.4) in [3] we have
for some θ ∈ R and all z ∈ D. Consequently,
for some a ∈ B m with a = 0, some θ ∈ R and all z ∈ D. Then (2) is proved for the case that p = 0. Now we prove the case that p = 0. Let 
1−|p| 2 with f (p) = 0, then by (2.11) and (4.4) we have g(0) = 0 and
Applying (4.1) to g we get g(z) = βz for some β ∈ C m with |β| = 1 and all z ∈ D. Note that f (z) = g(ϕ p (z)) by (4.3). Then (1) is proved for the case that p = 0. for some a ∈ B m with a = 0, some θ ∈ R and all z ∈ D cp,q,rp,q . Note that (4.6). Then (2) is proved. The theorem is proved.
